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Abstract. This paper constructs a class of martingale transforms based on Levy processes on 
Lie groups. From these, a natural class of bounded linear operators on the L p -spaces of the 
group (with respect to Haar measure) for 1 < p < oo, are derived. On compact groups these 
operators yield Fourier multipliers (in the Peter- Weyl sense) which include the second order Riesz 
transforms, imaginary powers of the Laplacian, and new classes of multipliers obtained by taking 
the Levy process to have conjugate invariant laws. Multipliers associated to subordination of 
the Brownian motion on the group are special cases of this last class. These results extend (and 
the proofs simplify) those obtained in [10, 11] for the case of B-f 1 . An important feature of this 
work is the optimal nature of the L p bounds. 



Contents 

1. Introduction 1 

2. Preliminaries 3 

2.1. Sharp martingale inequalities 3 

2.2. Levy processes on Lie groups 5 

3. Martingale transforms and their projections 7 

4. Compact groups: Fourier multipliers 11 

4.1. Brownian motion 12 

4.2. Second order Riesz transforms 13 

4.3. Multipliers of Laplace transform-type 15 

4.4. Subordinate Brownian motion 15 

4.5. Multipliers associated to central Levy processes 17 

5. IR\ revisited 18 
References 22 



1. Introduction 

Martingale inequalities have played an important role in applications of probability to problems 
in analysis. Many of these applications rest on the celebrated Burkholder-Davis-Gundy inequalities 
(commonly referred to these days as the "BDG inequalities") which compare the L p -norms of 
martingales to the L p -norms of their quadratic variations. For a survey describing some of the 
early applications of these inequalities to several longstanding problems in analysis, we refer the 
reader to [12] and the many references therein. A predecessor to the BDG inequalities which also 
has had a huge number of applications in analysis is Burkholdcr's 1966 inequality which proves 
the LP boundedness of martingale transforms [16]. In 1984 Burkholder extended the martingale 
transform inequality in various directions (including to the setting of Banach spaces with the 
unconditional martingale difference sequence property, the so called "UMD spaces") and obtained 
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the sharp constants [17]. In recent years the sharp martingale transform inequalities have been 
widely applied to prove i p -boundcdncss of Fourier multipliers on IR\ and in particular to the 
study of multipliers arising from the Riesz transforms, the Bcurling-Ahlfors operator, operators 
of Laplace transform-type, and related singular integrals. We refer the reader to [8] for references 
to this now very large literature and to some of the applications of these techniques to other 
problems of interest. These include connections to a longstanding conjecture of T. Iwaniec on 
the L p -norm of Bcurling-Ahlfors operator and a celebrated open problem of Morrey concerning 
rank-one convex and quasiconvex functions [n, §5]. In [10] and [11] sharp martingale transform 
inequalities were used to study a new class of Fourier multipliers which arise by certain natural 
transformations of Levy martingales associated to Levy processes, i.e. the most general class of 
stochastic processes enjoying stationary and independent increments (of which Brownian motion is 
a special case.) A novel aspect of these new multipliers is that they are associated to processes whose 
paths contain jump discontinuities and whose infinitesimal generators are non-local operators. A 
distinctive feature of Fourier multiplier inequalities obtained from sharp martingale transform 
inequalities is that in many instances the inequalities inherit the sharpness of the martingale 
transform inequalities. This happens, for example, in the important case of second order Ricsz 
transforms and other multipliers with certain homogeneity properties [14], including some of the 
classical Marcinkiewicz-type multipliers [37, p. 110]. 

The purpose of this paper is to show that the construction of the operators in [10] and [11] can 
be carried out in the general setting of Lie groups, leading to a new collection of linear operators 
which are bounded on the L p -spaces of the group with bounds that are optimal with respect to 
p and which generalize in a natural way the classical Riesz transforms and the imaginary powers 
of the Laplacian. The results in [11] have recently seen applications to L p regularity for solutions 
to non-local elliptic problems in Euclidean space; see [20, 21]. In the same way, we expect that 
the results of this paper will be of interest to those working in the analysis of Lie groups and its 
applications. 

The paper is organized as follows. In §2.1, we recall the sharp Burkholder inequalities for 
martingales under the assumption of subordination. While the discrete martingale versions serve 
as motivation, the results in this paper rest on versions of Burkholder's inequalities for continuous 
time martingales. In §2.2, we review some of the basic facts about Levy processes on Lie groups 
and recall the fundamental theorem of Hunt which describes the structure of their infinitesimal 
generators. In §3, we define the martingale transforms and prove that they are bounded operators 
on L p , for 1 < p < oc (Theorem 3.1). The martingale transforms lead naturally to operators 
defined on the Lie group with LP bounds which are exactly the same as those for martingale 
transforms (Corollary 3.2 and Theorem 3.3). In fact, the operators on the Lie group are limits of 
conditional expectations of the martingale transforms and for this reasons it is natural to call them 
"projections of martingale transforms" . (For the latter point of view, we refer the reader to [13] and 
[8, §3.10] where this is done in the setting of IR\) In §4 we specialize our construction to compact 
Lie groups where via the (non-commutative) Fourier transform wc show that in various cases, 
including second order Ricsz transforms and operators of Laplace transform-type, our operators 
are Fourier multipliers. We show that a large class of multipliers can be obtained from central Levy 
processes, i.e. those that have conjugate invariant laws. We obtain a new Levy-Khintchinc type 
formula for such processes on compact, connected semi-simple Lie groups which was anticipated 
in work of Liao [29, 30]. This formula plays an important role in the construction of multipliers 
but may also be of independent interest. In §5 we revisit, as a special case of the results for 
general Lie groups, the setting of IR™ and derive the results of these two papers, rather directly, 
and without the technicalities of [11] and [10] concerning Levy systems. But even more, our 
construction yields a larger class of operators than those studied in [11] and [10] (Corollary 5.1). 
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When further specializing the transformations, these operators consequently yield a wider class of 
Fourier multipliers (5.23) than those in [11] and [10]. Indeed the results of these papers are given 
by the multipliers in (5.24) which are a sub-class of those presented in (5.23). 

Notation. If G is a Lie group, B(G) is the Borel c-algebra of G, Cq(G) is the Banach space of 
real- valued continuous functions on G that vanish at infinity (equipped with the usual suprcmum 
norm), and C^°(G) is the dense linear subspace of Cq(G) comprising infinitely differentiable func- 
tions of compact support. In any metric space (M,d), the open ball of radius r > centered on 
p G M is denoted by B r (p). If a, b G R, we define aV(»:= max{a, b} and a A b := min{a, b}. If 
T > and / : [0, T] — s- R has a left limit at < s < T we write f(s— ) := lim u -|* a /(it) and we define 
the jump in / at s by A/(s) = /(s) — f(s-). Functions that are right continuous on [0, T) and have 
left limits at every point in (0, T] are said to be cadlag (from the French "continue a droite et limitc 
a gauche".) For such functions the set {s G (0,T); A/(s) ^ 0} is at most countable. Consequently 
we obtain identities such as J Q T |/(s— )\ p ds = J Q T \ f(s)\ p ds (for 1 < p < oo) which we will use freely 
within this paper. M„(fif) denotes the space of all n x n matrices with real entries while M„(C) 
denotes the space of all n x n matrices with complex entries. If (M, M,fi) is a er- finite measure 
space, the norm of / G L°°(M,M,fJ,;M n (R)) is ||/|| := ess.sup xeM sup{|/(x)u|; v G HT, \v\ < 1}. 
The norm in L°°(M,M, \i; M n (C)) is defined similarly. 



2. Preliminaries 

2.1. Sharp martingale inequalities. We begin by recalling the celebrated sharp martingale 
transform inequalities of Burkholder. Let / = {/„, n > 0} be a martingale (defined on some 
probability space) with difference sequence d = {dk,k > 0}, where du = fk ~ /fc— l f° r k > 1 
and do = /o- Given a predictable sequence of random variables {vk, k > 0} with G [—1, 1] a.s. 
for all fc, the martingale difference sequence {vkdk,k > 0} generates a new martingale called the 
martingale transform of / and denoted here by g. We set = sup ra>0 ||/n||p- In [16] Burkholder 
proved that for all 1 < p < oo, ||<?|| p < C p ||/||p for some constant C p depending only on p. In [17] 
he sharpened this result by proving that under these assumptions 

(2.1) IMIp<(p*-i)II/IU 

for all 1 < p < oo, where p* := max |p, 1 < p < oo j and that the constant p* — 1 is best 
possible. In the sequel the constant p* — 1 will appear often. 

Martingale inequalities of these type have a long history both in analysis and probability and 
we refer the reader to [8] for some of this literature and applications. By considering dyadic 
martingales, inequality (2.1) contains the classical inequality of Marcinkiewicz [31] and Paley [32] 
for Paley- Walsh martingales with the optimal constant. That is, let {hk,k > 0} be the Haar 
system in the Lebesgue unit interval [0,1) so that ho = [0,1), hi = [0, 1/2) — [1/2, l),/i3 = 
[0, 1/4) — [1/4, 1/2), /i 4 = [1/2, 3/4) — (3/4, 1), . . . , where the same notation is used for an interval 
as for its indicator function. Then for any sequence {a^, fc > 0} of real numbers and any sequence 
{£k, fc > 0} of signs, 



oo 



(2.2) V^A <(P*-1) \\y\a k h k 

M — p ii — 

k=0 k=0 

for 1 < p < oo. The constant p* — 1 is best possible here as well. 

An obvious question that arises from these sharp results is: what happens to the best constant 
when the predictable sequence is non-symmetric in the sense that it takes values in [0, 1] rather 
than in [—1, 1]? In [18], K.P. Choi used the techniques of Burkholder to identify the best constant 
in this case as well. While Choi's constant is not as explicit (and simple) as the p* — 1 constant of 



4 



DAVID APPLEBAUM AND RODPJGO BANUELOS 



Burkholder, one does have considerable information about it. More precisely, Choi's result states 
that if v = {vk, k > 0} with Vk £ [0, 1] a.s. for all k, then 

(2.3) \\g\\ P < c p \\f\\ p , 

for all 1 < p < oo with the best constant c p satisfying 



V 
2 



1 



log 



1 



n-2 
P 



where 



a 2 



log 



■log 



- 2 
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Motivated by the inequalities of Burkholder and Choi, the following definition was introduced 
in [14]. 

Definition 1. Let — oo < b < B < oo and 1 < p < oo be given and fixed. We define C p ^.b as the 
least positive number C such that for any real-valued martingale f and for any transform g of f 
by a predictable sequence v = {vk, k > 0} with values almost surely in [b,B], we have 



(2.4) 



|0|| P <C||/|| P . 



For any < a < oo, we see that C Pi _ a , Q = a(p* — 1) by Burkholdcr's inequality (2.1) and 
C p ,o,a = o-c p by Choi's inequality (2.3). An easy computation gives that for b,B as above, 



(2.5) max j (^J^) (p * ~ 1} ' max ^ B \> \ b ^} ^ C ^ B ^ max { B ' \ b ^* ~ l ^ 

However, the lack of any general "scaling" or "translation" properties of C p ^ t B, outside the cases 
[—a, a] and [0, a], makes it very difficult to compute the constant. For example, what is the value 

of <7p,l, 2 ? 

For the applications in this paper we require versions of the above inequalities for martingales 
indexed by continuous time. Suppose that (17, F, P) is a complete probability space, equipped 
with a right continuous filtration (.Ft)t>o of sub-cr-algebras of J 7 . We assume that J-"o contains all 
the events of probability 0. Let X = {X t ,t > 0} and Y = {Y t ,t > 0} be adapted real valued 
martingales which have right-continuous paths with left-limits, i.e., cadlag martingales. We will 
denote by [X, Y] the quadratic co- variation process of X and Y. When X = Y we will simply write 
[X] for [X, X}. We refer the reader to Dellacherie and Meyer [19] for details on the construction 
and properties of [X, Y] and [X]. Following [15] and [39], we say that Y is differentially subordinate 
to X if |lo| < |-X"o| an d {{X]t — [y]i)t>o is nondecreasing and nonnegative as a function of t. We 
have the following extension of the Burkholder inequalities proved in [15] for martingales with 
continuous paths (the so called "Brownian martingales") and in [39] in the general case. More 
precisely, if Y is differentially subordinate to X, then 

(2.6) \\Y T \\ p <(p*-l)\\X T \\ p , 

for all 1 < p < oo and all T > 0. The constant p* — 1 is best possible. 

Remark 2.1. We note here that Theorem (2.6) holds in the exact same form if the martingales 
take values in a real or complex Hilbert space; see [15, 39]. This is important for martingale 
transforms of complex valued functions such as the multipliers of Laplace transform-type given 
below. That is, while we define martingale transforms with functions A that take values in the set 
of all n x n matrices with real entries, M„(l), we could replace them with functions with values in 
Mra(C). A similar statement applies to the functions ip which we assume take values in 1R These 
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changes to complex valued matrices A and functions ip would not affect the bound (p* — 1) given 
in the results that we obtain in this paper. 

We end this section by recalling a result for non-symmetric subordination proved in [14] which 
is the replacement for continuous time martingales of Choi's result. This will be used below as 
well. Suppose — oo < b < B < oo and X t , Y t are two real valued martingales with right-continuous 
paths and left-limits. Suppose further that |Yo| < \Xq\ and that 



(2.7) 



B — b B-b 
——X,——X 



b + B b + B 
Y —X,Y — X 



> 

i 



and is nondecreasing for all t > 0. (We call this property "non-symmetric differential subordina- 
tion".) Then 

(2.8) \\Yt\\ p < C pAB \\Xt\\ p , KjXoo, 

for all T > 0. The constant C p ^,b is best possible. 

Note that when B = a > and b = —a, we have the case of (2.6). 

2.2. Levy processes on Lie groups. Let (Q,.F, P) be a probability space and let G be a Lie 

group of dimension n with neutral element e and Lie algebra q. If <fi := (<fi(t),t > 0) is a stochastic 
process taking values in G then the right increment of <j> between s and t (where s < t) is the random 
variable 0(s) _1 ^>(t). We say that is a (left) Levy process on G if (f>(0) = e (a.s.), <f> has stationary 
and independent right increments and </> is stochastically continuous in that lim^o P(<f>{t) G A) = 
for all A G B{G) for which e £ A. 

Let pt(A) := P (<£(*) e A) for 4 G £(G),i > so that p t is the law of 0(t). Then (p t ,t > 0) 
is a weakly continuous convolution semigroup of probability measures on G for which po = S e . 
Conversely given any such semigroup (pt, t > 0), we can always construct a Levy process (4>t,t > 0) 
on the space of all paths from [0, oo) to G by using the celebrated Kolmogorov existence theorem. 

For each t > 0, f G C (G),ct G G, define P t f(a) = J G /(crr)p t (dr). Then (P t ,i > 0) is a 
(positivity preserving) Go-contraction semigroup which commutes with left translations. That is, 
L a P t = PtL a for all t > 0, a G G, where L a f(r) = fla^ 1 ^. In fact (P*,£ > 0) is also a (almost 
everywhere positivity preserving) Go-contraction semigroup on L P (G) for all 1 < p < oo where G 
is equipped with a right-invariant Haar measure (see e.g. [28, 3].) 

We continue to work in Go(G) and let C denote the infinitesimal generator of (Pt,t > 0). So 
£ is a densely defined closed linear operator. We denote its domain by Dom(£). We next give a 
precise description of C that is due to Hunt [26] (see also §3.1 in [30].) 

Let (Xj, 1 < j < n) be a fixed basis of g and define a dense linear manifold G 2 (G) in Go(G) 
by G 2 (G) := {/ G C (G)]XJ G G (G) and X,X f G G (G) for all 1 < i,j < n}. There exist 
functions Xi G G^°(G), 1 < i < n so that Xi(e) = 0, XiXj(e) = Sij and (xi, . . . , x n ) are canonical 
co-ordinates in a neighbourhood of e. 

A measure v defined on B(G) is called a Levy measure whenever ^({e}) = 0, 



(2.9) 



J x j( t ) 2 ^ v(dr) < oo and v(G — U) < oo, 



for any Borel neighbourhood {/ of e. 

For the rest of the paper we will use the Einstein summation convention whereby we sum over 
repeated upper and lower indices. 

Theorem 2.2 (Hunt). With the notation introduced above we have 
(1) G 2 (G) C Dom(C). 
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(2) For each a eG,f £C 2 (G), 

(2.10) + [ (/(or) - f(a) - j(T)Xif{&))v{dT), 

Jg 

where b = (&,... b n ) £ R", a = (a 1 -?) is a non-negative-definite, symmetric nxn real-valued 
matrix and v is a Levy measure on G. 

Conversely, any linear operator with a representation as above is the restriction to C 2 (G) of the 
generator corresponding to a unique convolution semigroup of probability measures. 

We call (6, a, v) the characteristics of the Levy process <f>. From now on we will equip T with 
a filtration {Tt,t > 0) of sub-cr-algebras and we will always assume that a given Levy process 4> 
is adapted to this filtration. That is, <f>(t) is J-t-measurable for each t > 0. We say that a Levy 
process <f> is cadlag if there exists SI <G T with P(S1) = 1 such that the mappings t — > </>(i)(w) are 
right continuous with left limits existing for all uj € f2. 

Clearly any cadlag Levy process is a Markov process with respect to its own filtration and so 
for each / e C 2 (G),t > 0, 

fW)) - /(e) - ! Cf{4>{s))ds 
Jo 

is a martingale which we denote by Mf(t) and which can be written as 

(2.11) M f (t) = Mf(t) + Mf(t) 

where Mj{t) and Mj(t) are the discontinuous and continuous parts, respectively, see [19]. In [6] 
these martingales were found to be stochastic integrals against a Poisson random measure on G 
and a Brownian motion in g, respectively so that </> is in fact the unique solution of the following 
stochastic differential equation 

fW)) = /(e) + f X l f(<p( S -))dB' l a ( S )+ [ Cf(cf>(s-))ds + 
Jo Jo 

(2.12) + f + f (f(cb(s-)a) - f(4>{s-))N(ds,da) 

Jo Jg 

for each / € C2(G),t > 0. Here B a = (B a (t),t > 0) is an n-dimensional Brownian motion of mean 
zero and covariance matrix given by Cov(B l a (t) B J a (t)) — 2ta % i for t > 0, 1 < i,j < n, and N is the 
compensator defined for each t > 0, E G B(G) by 

N(t,E) =N(t,E) -tv{E), 

where N is a Poisson random measure on W& x G with intensity measure Lebx^ which is inde- 
pendent of B. In fact, 

N(t, A) = #{0 < s < t, A<f>(s) 6 A} 

for each t > 0, A £ B(G) where A</>(s) = 4>(s— )~ 1 <fi(s) denotes the jump of the process at time 
s > 0. 

Fix T > and let F : G x G -> R be continuous and ^ € L°°(R+ x G, Leb x z^) be such that the 
mappings — > £( s i r ) is left continuous for all r G G and assume that J G E(|F(0(s), r)| 2 )^(c?r)(is < 
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oo. We note that (see e.g. Lemma 4.2.2 in [2], p. 221) Ito's isometry in the framework of Poisson 
random measures yields, 

E| ( \ T F(<t>(s-),T)Z( S ,T)N(ds,dT)\ = JjL(\F(cj>{ s ),T)\ 2 m Sl T)\ 2 v {dT)d S 

(2.13) < ||e|| 2 ( T ( E(|F(0( S ),r)| 2 )Kdr)d S , 

JO JG 

In the sequel we will find it convenient to work with the standard Brownian motion B = 
(B(t),t > 0) in K" with covariance Cov(B l (t)B : ' (t)) = tS l: > . To implement this we choose an n x n 
matrix A such that AA T = 2a and define Yj, € g by Yl = A^X,- for 1 < i < n. Then the integral 
with respect to Brownian motion in (2.12) may be rewritten 

Xif(cf>{s-))dBi( S ) = f Y t f^{ S -))dB\s) 

Jo 

Vy/(0(s-)) • dB(s), 

o 

where Vy := (Fi, . . . , Y n ) and • is the usual inner product in R". 

So far we have always assumed that the Levy process (f> starts at e with probability one. In 
the sequel we will want to change the starting point to arbitrary p £ G and we can achieve this 
by defining the cadlag Markov process 0( p '(t) = p4>(t) for each t > 0. Note that the process 
(f>(p) := (0( p )(i),t > 0) retains stationary and independent right increments. It follows easily from 
(2.12) that (with probability one) 

f(4> ip \t)) - f( P )+ [ W Y f(^(s-))-dB(s)+ [ Cf(^(s-))ds + 
Jo Jo 

(2.14) + f + [ (/(«^)( s -)cr) - f(4>(p\s-))N(ds,da), 



Jg 



for each /eC 2 (G),!>0. 



3. Martingale transforms and their projections 

In this section we will construct a family of operators which act on L P (G). These operators will 
arise as "projections" of martingale transforms and will be bounded on L P {G) for all 1 < p < oo. 
To begin we fix T > and choose / G C C °°(G), a £ G. Then for all < t < T, we define 

(3.1) Mf\a,t) := (P T _ t /)H»(t)) = (P T -tfW(t)) 

Later on we will also require the notation Mj (a) := Mj (a,T) = f(a(f>(T)). 
It follows from (2.14) that 

Mf\a,t) = (Pt/)(<7)+ / V Y {PT- s f){4> { ° ] {s-))-dB{s) 

Jo 

(3.2) + t + [ [(P T .J)(^Hs-)T)-(P T .J)(^Hs-))]N(d S ,dr), 

JO JG 
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and hence M^J := (Mf\a,t),Q < t < T) is an L 2 -martingale starting at (P T f)(a). We fix 
a right-invariant Haar measure ma on G and note that inside integrals we will always write 
mR(dg) = dg. 

Definition 2. Let A G L°°(R+ x G, Leb x m R ; M„(M)) and ij> G L°°(R+ x G x G, Leb x m R x i/). 
W^e assume that (A,ip) are regular in that the mappings (s,p) A(s,p) and (s,p) — > i/j(s,p,t) 
(for all t G G) are continuous and that \\A\\ V ||i/>|| < 1. For each f G C^°(G),a G G,t > we sei 



Mf^V,*) = / A(T-,s,0M( s -))Vy(PT- s /)(0 (<T) ( S -))-rfi?( S ) 

(3.3) + f + I {(P T - s f)(ct>^(s-)r)-(PT-sf)(&\s-)} 

x |v>(T-.s,0 (<T) (s-),T)|7V(ds,dr). 
This gives the new martingale 

M (T,A,<P) . = ( M (W) ((7)t))0 < t < T) 

which we shall call the martingale transform of Mj J by (A, ip) . 

Computing the quadratic variations of both (M i T (a, t) and its transform M^ T,A '^' (a, t) (see 
e.g. equation (4.16) in [2] p. 257) we find that 

[{Mf\o-,-)) t = f \VY{P T - s m { °\s-))\ 2 ds 



(3.4) + f + ( [{P T ^f){^\ S -)T)-{P T ^f){<t>^(s^))] 2 N(d S ,dT) 

Jo Jg 



while 



[(Mp A ^(a,-)] t = f \A(T - S ,^( S -))\/ Y (PT-sfM {a) (s-))\ 2 d S 



o 

t+ 

o Jg 



{[(Pt- s /)(> (ct) (s-)t) - (PT-sf)(^Hs-))} 2 } 
(3.5) x {[^(T-s,^\ s -),T)} 2 }N(ds,dT). 



From these formulas, the fact that = \Mj T ' A '^ (er, 0)| < \Mj (a, 0)|, and our assumption that 
V 1 1^| | < 1, it follows that M { ^ A ^ ] is differentially subordinate to M^J . Now, for 1 < p < oo, 



set 

\\X\\ P =(J E{\X(<r)\*)d*) 

for X G L p (tt x G). Applying Burkholder's result in the form given by the inequality (2.6), we 
obtain 



(3.6) 



\M 



f I 



< 



{p*-l)\\M } 
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But using Fubini's theorem and the right invariance of the Haar measure we see that 

\\M [ P\\l = \\.f(-HTW p 



(3.7) = / / \f(a T )\P pT (dT)da 

JG JG 

= f \f(a)\ p da = \\f\\ p p . 

JG 

We summarize the above calculations in the following 

Theorem 3.1. Let A e L°°(M+ x G, Leb x m R ; M„(R)) and ip e L°°(R+ x G x G, Leb x m R x v) 
with (A,ip) regular and \ \A\\ V ||^>|| < 1. For any < T < oo, the map f — > M^ T ' A '^ defines a 
linear operator from L P (G) — > L P {Q x G), 1 < p < oo, with 

(3.8) l|M} w) || p <(p*-l)||/|| pj 

for 1 < p < oo. In particular, the bound is independent of T . 

Now let q = and for given g e G^°(G), we define a linear functional Ap" 4 '^ on C^°(G) by 
the prescription 

(3.9) A^(/) = J G E(Mp A ^(a)MP(a))da 
Using Holder's inequality, inequality (3.6) and equality (3.7), we obtain 

|A™(/)I < \\Mf^\\\Mp\\ q 

< ( P *-l)\\Mp\\ p \\Mp\\ q 

(3.10) < ( P *-i)\\f\\ P \\g\U- 

Hence Aj :A -^ extends to a bounded linear functional on L P (G) and by duality, there exists a 
bounded linear operator S'J^ on L P (G) for which 

Ap^(/) = / SlMg(a)da, 



for all / € L p (G),g e L q (G) and with ||5j^|| p < (p* — 1). We summarize this in the following 

Corollary 3.2. Let A g L°°(M+ x G, Leb x m R ; M„(R)) and V G £°°(R + x G x G, Leb x m R x v) 
with (A,ip) regular and \\A\\ V < 1. For any < T < oo, the map f — > S^^f defines a linear 
operator from L P {G) — > L P {G), 1 < p < oo, with 

(3.H) II^/IIp<(p*-1)II/IIp > 
for 1 < p < oo. In particular, the bound is independent of T . 

Next we probe the structure of (3.9) using Ito's isometry for stochastic integrals driven by both 
Brownian motion and a Poisson random measure (see (2.13) for the latter) with the aim of letting 
T — > oo in 5^ ,0. Again, using Fubini's theorem and right invariance of Haar measure as in the 
derivation of (3.7), we obtain 
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Aj^(/) = f / T E{A(r- s ,^)( s -))Vy(p T _ s /)(^)( s -)) 

Jg Jo 

x -VYiPT-sgK^Hs-^jdsda 

+ [ [ / T E{[(P T _ s /)(^)( S -)r)-(P T _ s /)(^)( S -))] 
J g Jg Jo 

x [(Pt- s 9)(^Hs-)t) (P T _ s g)(^(s-))] 
X lp(T- s,</) (,T) (s-),T)}ds^(dT)dcr 

= [ [ A{T-s : a)\7 Y (P T _ s f)(a) ■ V Y {PT- S g)(a)dads 
Jo Jg 

+ f I I \(P T - s f)(vT)-(P T - s f)(a)}[(P T - s g)(aT)-(P T - s g)(a)} 

Jo JgJg 
x ip(T — s, a,T)v{dr)dads 

= 11 A( S ,a)V Y (P s f)(a)-V Y (P s g)(a)dads 
Jo Jg 

[(P s f)(ar) (PJ)(a)][(P s g)(ar) (P s g)(a)} 



la Jgjg 

(3.12) x %jj(s,a,T)v(dT)dads 



Choosing 



V Y {P s f){<j)®V Y {P s g){a) 

A(s,a) - 



\V Y (P s f)(a)\\V Y (P s g)(a)\' 
for s > 0, cr e G and observing that ||A|| = 1, inequality (3.10) (with ijj = 0) gives that 

(3-13) / / |Vr(P a /)(<r)||Vy(P ifl )((7)|d«7dfl<(p*-l)||/||p|| fl || g . 

Jo Jg 

Thus the first integral in (3.12) converges absolutely as T — > oo and 

(3.14) f f \V Y (P s f)(a)\\V Y (P s g)(a)\dads<(p*-l)\\f\\ p \\g\\ q - 

JO JG 

We now consider the second integral in (3.12). This time we take A = and 
iP(s,<t,t) = sign((P s /)((7r) - P s f(a))((P s g)(ar) - P s g(a))) 

and obtain that 

' / / \(P.f){<rr) - PJ(<T))\\(P s g)(ar) - P s g{a))\ V {dr)dads < (p* - l)||/|| p || ff ||„ 
o Jg Jg 

with the right hand side independent of T and hence we can also let T — > oo in the second integral 
of (3.12). 

We summarize the above result in the following 

Theorem 3.3. Let A e L°°(R+ x G, Leb x m R ;M n (M.)) and ip € L oc (R+ x G x G, Leb x m R x v) 
with (A,xj}) regular and \\A\\ V \\tp\\ < 1. There exists a bounded linear operator Sa,4> on L P (G), 
1 < p < oo, for which 
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/ S Ati ,f(a)g(a)da =11 A(s, a)V y (P s f)(a) ■ V Y (P s g)(a)dads 
Jg Jo Jg 

(3.15) + f [ [ '[(P./)(ot) - (PJ)(a))[(P s g)(ar) - (P s g)(<r)] 

Jo JgJg 
x ip(s,o~,T)v(dT)do~ds, 

for alf,g€ C™{G). Furthermore, for all f G L P (G) and g G L 9 (G), ± + ± = 1, 
(3-16) / SA,i,f(<T)g{cr)da < (p* - l)\\f\\ p \\g\\ q 



G 



(3.17) ll^/||p<(p*-l)||/|| P . 

Suppose A G i°°(R+ x G, Leb x m^; M„(R)) is symmetric with the property that for all £ G R™, 

(3.18) &|C| 2 <A( S ,a)£.£<B|£| 2 

for all (s,a) G R + x G, — oo < b < B < oo. Then by a simple computation (see [14], §4) the 

(T-A 0) (T) 

martingale Y = M) CT ' is subordinate to the martingale X = Mj J in the sense of inequality 
(2.7). From the construction of our operators Sa,iI> we have (in this case the assumption ||j4|| < 1 
is no longer needed): 

Theorem 3.4. Let A G i°°(IR + x G,Leb x mn; M n (M)) be continuous, symmetric and satisfying 

(3.18) . Then for all 1< p < oo and f G L P (G), 

(3.19) ||5a,o/|Ip<C p , 6 , b ||/|| p , 

where C P ^,B is the constant in the inequality (2.8) 

As we shall see below (see §5), the inequalities (3.17) and (3.19) are sharp as they include the 
bounds for Riesz transforms in IR n and other homogeneous multipliers (see [14]). 

4. Compact groups: Fourier multipliers 

In this action we are interested in cases of a compact Lie group where the operators Sa,i/> are 
Fourier multipliers. Thus from now on we will assume that G is a compact Lie group. Then every 
(left or right) Haar measure on G is bi-invariant and also finite. In the sequel we will always 
assume that Haar measure is normalized to have total mass one. Let G be the unitary dual of G, 
i.e. the set of all equivalence classes (modulo unitary equivalence) of irreducible representations 
of G. In the sequel we will often identify a class in G with a representative element. The set G 
is countable and each tt G G is finite dimensional, so that that there exists a finite dimensional 
complex Hilbert space V^, having dimension d v such that for each a G G, 7t(ct) is a unitary matrix. 
We define the co-ordinate functions TTij(cr) = ir(cr)ij for a G G, 1 < i, j < rf w . We have 7Ty- G G°°(G) 
and the celebrated Peter- Weyl theorem tells us that {^/d^TTij; 1 < i, j < d v , it G G} is a complete 
orthonormal basis for L 2 (G,C). For each / G L 2 (G,C), we define its non-commutative Fourier 
transform to be the matrix f(jr) defined by 



/Wij = / /(o-)7Ty(£7 ^rfd, 
' G 



12 



DAVID APPLEBAUM AND RODRIGO BANUELOS 



for each 1 < i, j < d^. We will have need of the following version of the Plancherel theorem (which 
can be found in e.g. [23], Theorem 6.4.2, p. 110) 

(4.1) f f(a)W)d<j = £ dMfWgW*), 

for /, g <E L 2 (G,C). In particular if T is a bounded linear operator on L 2 (G,C) we have 

(4.2) / Tf(a)gjajda = V d^Tf i^Y) ■ 

Jg ~ 



7T£G 



We say that the operator T is a Fourier multiplier if for each tt £ G there exists 
complex matrix mr^) so that 



(4.3) T/(tt) = mr(7r)/(7r). 

We call the matrices (m^T!"), ?r G G) the symbol of the operator T. 1 

Given 7r € G we obtain the derived representation dir of the Lie algebra g from the identity 

Tr(exppO) = e rf " (x) , 

for each G 0. Then ci7r(X) is a skew-hermitian matrix acting in V w . We now equip q with 
an Ad- invariant metric (which induces a bi- invariant Ricmannian metric on G.) From now on 
{X±, . . . , X n } will be an orthonormal basis for g with respect to the given metric. We define the 
Casimir operator fl^ by £1^ := 53»=i ^(Xi) 2 . Then it can be shown (see e.g. [23] Corollary 6.7.2, 
p. 122) that fin = —n^Iir where I n is the identity matrix acting on and > (with k„ = 
if and only if it is the trivial representation). The Laplace-Beltrami operator A = X)™=i ^1 ^ s an 
essentially self-adjoint operator in L 2 (G, C) with domain G(G, C) having discrete spectrum with 

(4.4) Aitij = -K n mj, 
for all 7r e G, 1 < i, j < djr. 

4.1. Brownian motion. Brownian motion (with twice the usual auto-covariance) on a Lie group 
G is the Levy process having characteristics (b, 1, 0). It is well known (see e.g. [22], §6) that it can 
be obtained as the unique solution of the Stratonovich stochastic differential equation 

(4.5) d<f)(t) = V2X l {4>{t)) o dBi(t), 

with initial condition 0(0) = e (a.s.) In this case (Pt,t > 0) is the heat semigroup with generator 
C = A. 

The following is well-known but we include a short proof for the reader's convenience: 
Proposition 4.1. For all t > 0, tt 6 G,f G i 2 (G, C) 

PJ(tt) = e~ tK *I n . 
Proof. It follows from (4.4) that for all 1 < i,j < d w , 

Ptitij = e~ tl%7 "K t j. 



See [33] for a monograph treatment of pseudo differential operators and their symbols on compact Lie groups 
and [34] for a study of Fourier multipliers from this perspective. For probabilistic developments in the spirit of the 
present work, see [4, 5]. 
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But then 



Ptffrh = / PtMn(g- l hdg 



a 



Ptf(g)n(g)jidg 



G 



G 



G 



f(g)Pt^(g)jidg 

as required. □ 

4.2. Second order Riesz transforms. The first order Riesz transform in the direction X E g 
is the operator Rx = X{— A) - 2. It is shown in [7] (using the martingale inequalities from [15]) 
that if G is endowed with a bi- invariant Riemannian metric and \X\ = 1 then Rx is a bounded 

operator on L P (G) and ||iix||p < Bp for all 1 < p < 00, where B p := cot (if*) is the "Pichoridcs 
constant" (i.e. the LP norm of the Hilbert transform on the real line.) We write Rj := Rx-, for 

1 < i < n , so that RiRj = XiXjA" 1 . Let C be a n x n matrix with ||C|| < 1. We define the 

( 2) 

second order Riesz transform (see also [24, 9]) R c to be 

n n 
R C :== E CjiPiPj = Y CjiXiXjA' 1 . 

(2) 

We will show that R c is precisely an operator of the form Sa,tP where ip = 0. First we show 
that R c is a Fourier multiplier. Indeed this follows by using (4.2) and computing for C°°(G) 

[ R^f(a)g(a)da = Y C j{ Y d^R^f^g^)*) 

= - E C ^ E tr(d7r(Jri)d7r(X 3 -)/(7r)5(7r)*) 

■ - , _ K 7T 

I J = 1 7TGG 



tt£G 



where for all 7r e G, 



1 " 

n c (Tt) := Y Ciidk{Xi)dk{Xj). 



(2) 

Hence we conclude that R c is a Fourier multiplier with symbol f2c(-). 

We connect to the work of the previous section by taking -0 = and </> to be a Brownian motion. 
We write Sa = Sa,o and we take A to be a constant matrix. Using (3.15), (4.2) and Proposition 
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4.1, we obtain, for f,g e C°°(G), 

S A f(a)g(<i)da = l\ [ AV x {P s f){a) ■ V x (P s g)(o-)do-ds 
Jo Jg 



71 />oo /> 

2 V Aij / / X i (P a f)(tr)X j (P.g)(tT)dtrds 

" poo 

n 1 

- E A v E ^— tr(d7r(X j )d7r(X l )/(7r)5(7r)*) 

dM^A(n)mg(7r)*), 



TT&G 



(2) 

and so wc deduce that = S C - 

The following is a corollary of the above discussion and Theorem 3.3, inequality (3.16). 

Corollary 4.1. Consider the second order Riesz transform defined by 



(4.6) 

with symbol 
(4.7) 



R 



(2) 



1 " 

QcW := Y CjidniXJdTriXj). 



TTien /or 1< p < oo, f e L P (G), 
(4.8) 



i4 2) /llp<(p*-l)ll/llp- 



The next corollary follows from Theorem 3.4. We record it here in the form stated in [14] in the 
case of IR ra (see also [9] for compact Lie groups). Note that we here drop the condition ||C|| < 1 as 
in Theorem 3.4. 

Corollary 4.2. Let C be an n x n symmetric matrix with eigenvalues Ai < A2 < . . . < A„. Then 
for Kp < 00, f e LP(G), 

(4.9) ll4 2) /l| P <C PiAl , A J/|| p , 

where C p , x lt x d is the constant in (2.4). In particular, if J C {1, 2, . . . , n}, then 



(4.10) 



y R jf 



<Cp fi ,i\\f\\p = Cp\\f\\p, l<p<oo, 



where c p is the Choi constant in (2.3). 

We remark that in the case of H™ both bounds above are sharp, see [14] and [24]. 
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4.3. Multipliers of Laplace transform-type. We continue to work with Brownian motion (as 
in the previous subsection) and this time we take A(s) := A(s, •) to be a time-dependent matrix- 
valued function. Then (3.15), integration by parts and (4.2) yields for all f,g£ C°°(G), 

f S A f{o)g{cr)da = 2/ f A(s)Wx(P s f){<j)-Wx(Psg)(<y)dads, 

JG JO JG 

A(s)AP 2s f(cr)g(a)dads. 



Hence for all ir <E G we have 



/>oo 

2 / A{s) V d^K^e- 2sK Hr(f(7T)g{TT))d S 
Jo 



TreG 



(4.11) S A f(n) = / 2K*e-*'«*A{a)d8 /(tt) 







and Sa is an operator of Laplace transform-type (see [38] p. 58, [8], §3.11). It is clearly a Fourier 
multiplier in the sense of (4.3). A special case of particular interest is obtained by taking A(s) = 
(2s)~ il 

w ^ erc 7 ^ I n this case an easy computation shows that the symbol is itis a (tt) = 

and so Sa = (—A)' 7 is an imaginary power of the Laplacian (see also [36]) and we have the 
following corollary of Theorem 3.3, inequality (3.16). (Note that for this case we need to apply the 
Burkholdcr inequality for complex valued martingales using the results in [15] or [39], as indicated 
in Remark 2.1). 

Corollary 4.3. For 1 < p < oo, / <G L P (G), we have 

(4-12) ||(_Am< lr ^||/||, 

This bound was hrst proved in K™ in [25, Eq. (7.3)]. For further discussion on this result in IR™ 
and comparison to previous known bounds, see [8]. 

4.4. Subordinate Brownian motion. In this section we will consider an operator of the form 
SU := So,V> which is built from the non-local part of the Levy process. To this end, let (T(t), t > 0) 
be a subordinator, i.e. an almost surely non-decreasing real-valued Levy process (so T(t) takes 
values in R+ with probability one for all t > 0) . Then we have (see e.g. [35]) that E(e _uT '*' ) ) = 
e -th(u) £ or a u w > 0, t > where h : (0, 00) — > R + is a Bernstein function for which lim u _j.o h(u) = 0. 
Hence h must take the form 



(4.13) h(u) = cu+ (1 - e- uy )X(dy) 

J(0,oo) 

where c > and A is a Borel measure on (0, 00) satisfying J^ Q v(l A y)X(dy) < 00. We denote 
the law of T(t) by pt, for each t > 0. It is well-known that (see e.g. [1, 4]) that if <j> is a Levy 
process in G and (T(t),t > 0) is an independent subordinator with Bernstein function h then the 
process 4>t — ((j>r(t),t > 0) is again a Levy process in G where 4>T(t) := cj>(T(t)) for all t > 0. 
Let (Pt,t > 0) be the usual semigroup of convolution operators on C(G) that is associated to the 
process <j> and (i 3 / 1 , t > 0) be the corresponding semigroup of convolution operators associated to 
the process (fyp. Then it is well-known (and easily verified) that 

(4.14) P t h f(a) = [ P s f(a) Pt (ds) 

J(0,oo) 



16 



DAVID APPLEBAUM AND RODRIGO BANUELOS 



for all t > 0, / <G C(G), <r e G. In the sequel we will always take (j> to be Brownian motion on G as 
given by (4.5). The following is implicit in [4] but we give a proof for completeness. 

Proposition 4.2. If (Pt,t > 0) is the heat semigroup on G then for all f £ C(G), ir £ G, t > 0, 

pjf(w) = e- th ^f(n). 

Proof. Using Fubini's theorem we have from (4.14) and Proposition 4.1 

Pjf(n) = [ [ P s f{o-) Pt (ds)ir{o-- l )do- 

JG J(0,oc) 



(0,oo) \JG 



P s f{o-)-w{o-- l )do-j pt(ds) 
" pt{ds)f(ir) 

'(0,oo) 
= e- th{K ^f(TT). □ 

We now take A — in (3.15) and take the Levy process to be of the form <pT as just described. 
For simplicity we also assume that tp only depends on the jumps of the process and so we write 
xjj{r) := ■, t) for each r £ G. As before, we assume that -0 is regular and that ||-0|| < 1. In this 
case we have 

(4.15) / S^f(a)g(a)da = f°° f f [(P^f)(ar) (P s ' l /»] 

J G Jo JGJG 

x [{P^g){ar) - (Pj 1 g)(a)]^(r)u(dr)d<xds 
Now using (4.2) and Proposition 4.2 we obtain 

f S^f(a)g(a)da = [°° / V) d^ sh ^hx[{-K{r) - ^/(^(^(^(t)* - U)} 

JG JQ JG ~ 

TrEG 

x i)){T)n{dT)ds 



G TtdG 

and so is a Fourier multiplier with 

1 

for 7r £ G. From Theorem 3.3 we obtain 



/ E drr^—MWr ~ tt(t) - tt(t)* )/(7r)fl(7r)]^(r)i/(dr) 



(4.16) m^(Tr) = 77r7rT / (27, - tt(t) - 7t(t)*)V>(t)i/(<2t), 



G 



Corollary 4.4. Lei 6e i/ie operator with Fourier multiplier given by (4.16). 

(1) 7/HVII < 1, then 

(4.17) ||S0/Hp<(p*-1)II/IIp, 

/or all I <p < oo, f £ 27(G). 

(2) Ifi':G^ [b, B], with -oo < 6 < P < oo, i/ien 

(4.18) ||^/|| p <C pA b||/|| p , 

/or all 1 < p < oo, / G L P (G), where C p .b,B is the constant in (2.4). 
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To compare with results in [11] (see e.g. equation (32) therein), suppose that G is connected as 
well as compact. Then exp : g — s- G is onto and so for every a £ G, a = cxp(X) for some X £ g. 
Then 7r(er) = e t ( _4d7r ( x )) where we note that the matrix — idir^X) is hermitian. Then we can write 
21^ — 7r((7) — 7r(er)* = 2(I n — cos(idir(X)). Let v := v o exp so v is a Borel measure on g and define 
ip : g — > M. by ip '■= ° exp. Then in this case we obtain 

m S^) = TT^T / {In ~ cosh(dn(X)))$(X)p(dX). 



4.5. Multipliers associated to central Levy processes. We say that a Levy process (4>{t), t > 
0) is central (or conjugate invariant) if its law p t is a central measure for all t > 0, i.e. for all 
A £ B(G), a £ G 

PtiaAo-- 1 ) =p t (A). 

Such processes have been investigated in [29] and [4]. It follows that the Levy measure v is also a 
central measure (see [29] p. 1567.) Recall that if /k is a Borel probability measure on a compact Lie 
group G then its Fourier transform (or characteristic function 2 ) is denned by /I(7r) := J G n(o-)fj,(da) 
for all 7T £ G. Moreover the matrices {£i(7r),7r £ G} uniquely determine fi (see e.g. Theorem 1 in 
[27].) Returning to Levy processes, it is easy to verify that for all t > 0, 7r £ G, 1 < i, j < d n we 
have 

(4.19) PtMij = Ptm(e). 

Now suppose that the Levy process (<fi(t),t > 0) is central. By a slight generalization of the 
argument of Proposition 2.1 in [4] we deduce that for all rr £ G, there exists a T £ C with Sfa,) < 
so that 

(4.20) p t (ir) = e to ^. 

It follows easily from this that for all t > 0, tt £ G, / £ G(G) 

(4.21) ^/W = e ta -/(7r) 

We now apply (3.15). For simplicity we again consider the case where A is a constant matrix and 
ip = depends only on the jumps of the Levy process. In this case we can apply Plancherel's 
theorem (4.2) using very similar arguments to those applied in sections 4.1 and 4.4 to deduce that 
SU,,/, is Fourier multiplier. Indeed for all / £ G°°(G),7r £ G we have 



where 



SA,^f(n) = mA,v>W /(tt), 



1 

= sft( a ) 51 A jl d-K{X i )dTT{X j ) 

* i,i=l 



> -J 

1 



(2/ 7r -7r(r)-7r(r)*)V(r)i/(dr) 



G 



2K(o; w ) 

Two of our previously considered examples are in fact special cases of this formula. Indeed for 
the second order Riesz transform we have ip = and a n = — n n while for subordinated Brownian 
motion, A = and = —h(K^). 

Under further constraints, we can find an explicit general formula for a^. The following is 
essentially contained in Theorem 4 (c) p. 1567 in [29] under some stronger assumptions. It gives a 



2 Note that in this paper we adopt the analysts convention when denning the Fourier transform of a function and 
the probabilists convention for that of a measure. We emphasize that no mathematical inconsistencies arise from 
these choices. 
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Levy-Khintchine type formula for the Fourier transform of the law of a central Levy process. We 
will need the group character Xk(') := tr(-7r(-)) and the normalized character Q-k(-) ■= -j-Xir f° r 
each 7r G G. 

Theorem 4.5. Assume that (<f>(t),t > 0) is a central Levy process on a compact, connected semi- 
simple Lie group G. Then for all ir G G, 



(M T ) - l )v{dT), 

JG 

where c > 0. 

Proof. First assume that the Levy measure v has a finite first moment, i.e. J G \xi(a)\u(da) < oo 
for all 1 < i < n. It follows from Propositions 4.4 and 4.5 in [30] p.99 that for all / G G 2 (G), o G G, 

Cf(a) = cAf(a) + f (/(or) - f{o))v{dr). 

J G 

For each tt G G, define the matrix C(tt) by C(7r)ij := (£7Tjj)(e) for 1 < i,j < d^. Then 

£(tt) = -cn^In + / (7r(r) - L lr )v(dr), 



and hence by (4.19), pi(7r) = e i£ ^ for all t > 0. Comparing this identity with (4.20), we deduce 
that 



o-xI-k = -ck^I^ + / (tt(t) - I n )v(dr), 

JG 

and we obtain the required result on taking the trace (in 14- ) of both sides of this last equation. 
Now we turn to the general case and take (<f>(t),t > 0) to be an arbitrary central Levy process 
with characteristics (b,a,v) and infinitesimal generator C. Again by Proposition 4.4 in [30], we 
must have a = cL for some c > and b = by the argument in [30], Proposition 4.5. So the 
process has characteristics (Q,cl,v). Let (U m ,m G N) be a sequence of Borel sets in G so that 
U m t G as m —> oo and J v \xi(a)\iy(da) < oo for all 1 < i < n. To see that such sets can 
always be constructed, recall that G is equipped with a bi-invariant metric for which the mappings 
r — > (jT(j _1 (where r G G) are isometries for all a G G. So we may take e.g. f7 TO = Bj_(e) c . 
Now define the central Levy measure v m on G by z/ m (j4) := i>(^4 n U m ) for all A G B(G),m G N. 
For each m G N, let (4> m (t),t > 0) be a central Levy process with characteristics (0,c/,f m ) and 
infinitesimal generator £ m . Then it is easily verified that for all / G G 2 (G), 

lim C m f = Cf. 

m— >oo 

If p^ is the law of <fi m (t) then for all it G G, 

^ m) (7r) = cxp <^ -ck^ + / {q v (t) - l)v(dr) L 



but from the construction in the first part of the proof, we have limm^oo p[ (tt) = Pt(^) and the 
result follows. □ 



5. IR™, REVISITED 

In this section we apply the results of §3 to Euclidean space IR™ and compute the Fourier 
multipliers for the operators Sa,*/j explicitly under some assumptions on A and ip. When A is 
constant and tp is just a function of the jumps this was already done in [10] and [11]. Nevertheless, 
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the formulas derived in §3 elucidate these results further and provide a more uniform approach to 
these Levy-Fourier multipliers. 

We start by recalling various standard notations and facts about Fourier transforms and Levy 
processes in IR ra . We use the following normalization for the Fourier transform / of / G 5(R") 
where <S(R") is the usual Schwartz space of rapidly decreasing functions on R™. For all £ £ R™, 

(5.1) /(£) = / e 2 ^f(x)dx 
and for all x G R", 

(5.2) f(x) = f « ~—~f:0< 
so that Planchcrel's identity takes the form 



(5.3) / f(x)g(x)dx = / 

for /, g e <S(R"). With this normalization, if V = ^gf^-, • ■ • , gf - ^ = {di, ■ ■ ■ ,d n ) denotes the 
standard gradient in IR™, then 

(5.4) dPf(0 = (-2m)tJ(0 and V/(0 = {-2*i)tfe). 
Recall that a Borel measure v on H ra with ^({0}) = and 

(5.5) / J^-^Xoo 

Jm- 1 + \y\ 

is called a Levy measure. (Note that the definition of the Levy measure in IR™ coincides with that 
given by (2.9) in §2.2 for general Lie groups.) We denote a Levy process in IR™ by (X(t),t > 0). 
The celebrated Lcvy-Khintchinc formula [ ] guarantees the existence of a triple (b, a, v) such that 
the characteristic function of the process is given by E [e^ ,Jt '' t ' ] = e tp ^\ where 

(5.6) p(Z) = ib-Z-at-Z+ [ [e^ - 1 ■ y)I Bl (o)(y)] u(dy). 

Here, b = (bi, . . . ,b n ) € IR™, a = (a^) is a non-negative nx n symmetric matrix, Ibi(o) is the 
indicator function of the unit ball £>i(0) c IR™ centered at the origin and v is a Levy measure 
on IR™. We remark that the Levy-Khintchinc formula may be deduced as a corollary of Hunt's 
theorem (Theorem 2.2) in the case where the group G is R™ (see [26], §6, pp. 281-3.) We decompose 
p into its real and imaginary parts so that 

(5.7) p(t) = MQ + iMQ> 

where 



(5.8) = -< ■ £ + / [ cos (£ ■ y) - 1 ] u{dy) 
and 

(5.9) 3p(C) = 6-e+/ [sin(e-2/)-(C-y)I Sl(0 )(y)] v{dy). 

We note that the convergence of the integrals in (5.8) and (5.9) follows immediately from (5.5). 
Also, observe that 5Rp(-£) = 3fy>(£) and that 9fy>(£) < 0. 
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With this notation, the semigroup of the Levy process (X(t),t > 0) acting on / e 6>(H") is 
given as a pseudo-differential operator by 



,-2iri(X(t)+x)-£ 



P t /(x)=E[/(X(t) + x)] = 

(5.10) 

Since <S(R n ) C Dom(£) we also obtain the pseudo-differential operator representation 

(5.11) Cf(x)= f p(-2<)e- 2 ^/(£)de 
Thus 

(5.12) pTf(0 = e^- 2 ^ f(0- 
Also, using (5.4) we can write £ as 

Cf(x) = b%f(x) + cPdidrfix) 

f(x + y)- f{x) - y ■ V/(x)lB l(0 )(tf)] K<fo)- 

A detailed account of these results may be found in [2] §3.2.2, pp. 163-9. 

With A such that AA T = 2a, wc set, as in §3, Vy = AV. With this notation we have the 
following corollary of Theorem 3.3. 

Corollary 5.1. Suppose A G L°°(R+ x ET, Left x m R ;M n (R)) and tp G L°°(R+ xK*x 1R™;]R) 
with (A,ip) regular and \\A\\ V \\ip\\ < 1. There exists a bounded linear operator S A ,ip on L P {WC) 
where 1 < p < oo for which 

S A ^f{x)g{x)dx = / / A{s,x)V Y (P s f)(x)-V Y {P s g){x)dxds 

Jo JWS 1 



IR" 



(5.13) 



10 Jw Jw 

x il){s,x,y)v{dy)dxds, 



[{P s f){x + y)- (P s f)(x)][(P s g)(x + y)- (P s g)(x)} 



for alf,g€ C r °°(G). Furthermore, for all f G i p (IR n ) and g G L 9 (ET), ± + A = 1, 



(5.14) 

and 
(5.15) 



is" 



S A ^f{x)g{x)dx < (p* - l)\\f\\ p \\g\\ q 



|Sa,v./IIp<(p*-i)II/IIp- 



Let us now suppose that A = A(s) is only a function of s (time) and that tp(s,y) is only a 
function of s (time) and y (jumps). Set 



(5.16) 
and 



I = 



o Jw 



A(s)V Y (P s f)(x) ■ W Y (P s g)(x)dxds 



(5.17) H= I"* f I l(P s f)(x + y)(P s f)(x)}[(P s g)(x + y)-(P s g)(x)W(s,y)u 
Jo Jwp Jtbt 



(dy)dxds. 
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Applying Plancherel's identity, (5.3), we find that 



(5.18) 

where 
(5.19) 

In the same way, 
II = 



4tt' 



[A(s)A£ ■ A^^ds f(OmW 



mi(0/(0ff(0de, 



= -in 2 / [A(s)A£ ■ A^e^P^ds. 



(5.20) 

where 
(5.21) 



W IJIR™ JO 



e 2aRp(2 W €) (1 _ cos(2 < . y)) ^ y)d SV {dy) fiOmdt 



w Jo 



m 2 (0 = 2 



IK" JO 



s arflp(airO ^ _ cos ( 2 7r£ • j/)) V(s, y)dsdu(y). 



Thus under the assumption that A = A(s) and ip = ip(s, y) we conclude that the operator Sa,i/i 
is a Fourier multiplier with 



(5.22) 
where 



Sa,vJ(0 = m(0/(0, 



m(0 



/■OO 

4tt 2 / L4(s)A£- A£]e 2sSR ^ 27r ^ds 

JO 

e 2 S 5Rp(2^) ^ _ cos ( 2 ^ . y )) ^ y)d S u{dy) 



H" JO 



(5.23) + 2 

Recalling from (5.8) that 

-23?p(20 = 8tt V ■ £ + 2 / (1 - cos (2tt£ • y)) 

and using the fact that 2a£ • £ = A£ • A£, we see that under the assumption ||A|| V ||V'|| < 1, 
m e L°°(IR™) and ||m||oo < 1- Furthermore, if the matrix A has constant entries and the function 
tp only depends on y, then a simple computation gives that 



(5.24) 



m(£) 



4tt 2 AA£ • A£ + 2 / (1 - cos (2tt£ • y)) ^{y) V {dy) 



87r 2 a£ • £ + 2 (1 - cos (2tt£ • y)) v{dy) 
Note that m(£) = m(27r£), where 

= \ (A T ^A) e ■ £ + (1 - cos (£ ■ y)) MvMdy) 
m ™ at-Z + Jjv (1- cos (£■ ?/)) K^) 

From the Remark 2.1 we know that the above multipliers have the same bounds if the matrix 
has complex entires and the function ip takes values in the complex plane. We summarize these 
results in the following 
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Theorem 5.2. Let A £ M n (C) and ip : W -> C be such that \\A\\ V \\ip\\ < 1. Suppose a £ M n (M) 
is symmetric and non-negative definite. Let A £ M n (]R) &e suc/i £/ia£ AA T = 2a. Then the L°° 
function 

I (A T ^A) g ■ g + Jjgg (1 - cos (e ■ y)) m^dy) 



(5.25) m(£) = 



< ' £ + Jit (l - cos (£ • v)) Hdy) 



where is is a Levy measure, defines an L p -multiplier operator Sa.4> with 

(5.26) ||5^/||p<(p*-l)||/||p, 
for all f £ L p (Wt % ), 1 < p < oo. The inequality is sharp. 

This formula gives the multipliers studied in [10] and [11]. For several concrete examples of 
classical multipliers that arise from this formula, see [8] and [10]. In particular, if we take v = 0, 
a = I and we write A = (A^), then 

J2j.k=i Ajk^jtik 

m (£) = ~^2 ■ 

With the right choice of A, this gives the multiplier m(£) = . This corresponds to the second 

order Riesz transforms R\ — i?| which by [24] (see also [14]) has norm (p* — 1). Hence the bound 
is sharp. 
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